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Turan: Forbidding subgraph H, what is max # edges in n-vtx G?
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Turan: Forbidding subgraph H, what is max # edges in n-vtx G?

def ) H
e ex(n, H) = answer to Turdn’s question

o x(H) £ chromatic number of H

Theorem (Erdés—Stone-Simonovits, 1946)

ex(n. H) = (1 - ﬁ +o(1)) (;’)
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Turan: Forbidding subgraph H, what is max # edges in n-vtx G?

def ) H
e ex(n, H) = answer to Turdn’s question

o x(H) £ chromatic number of H

Theorem (Erdés—Stone-Simonovits, 1946)

ex(n. H) = (1 - ﬁ +o(1)) (’2’)

e What about bipartite H? ESS only tells ex(n, H) = o(n?)!
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Zarankiewicz: Forbidding K ;, what is max # edges in (m, n)-vtx bip?
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Zarankiewicz: Forbidding K ;, what is max # edges in (m, n)-vtx bip?

def . . .
@ z(m,n;s,t) = answer to Zarankiewicz's question

o z(n; t) < z(n, n; t,t) as shortcut
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def . . .
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Zarankiewicz: Forbidding K ;, what is max # edges in (m, n)-vtx bip?

def . . .
@ z(m,n;s,t) = answer to Zarankiewicz's question

o z(n; t) < z(n, n; t,t) as shortcut

Theorem (K8vari—Sés—Turan, 1954)

z(nt) = Ot(nz_%)

@ Matching lower bound?
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Zarankiewicz: Forbidding K ;, what is max # edges in (m, n)-vtx bip?

def . . .
@ z(m,n;s,t) = answer to Zarankiewicz's question

o z(n; t) < z(n, n; t,t) as shortcut

Theorem (K8vari—Sés—Turan, 1954)

z(nt) = Ot(nz_%)

@ Matching lower bound? central open problem!
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Zarankiewicz: Forbidding K ;, what is max # edges in (m, n)-vtx bip?

def . . .
@ z(m,n;s,t) = answer to Zarankiewicz's question

o z(n; t) < z(n, n; t,t) as shortcut

Theorem (K8vari—Sés—Turan, 1954)

z(nt) = Ot(nz_%)

@ Matching lower bound? central open problem!

Theorem (Bukh, 2024)

z(n,n;s, t) = Q; (nz_%) if s > 10°
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Erdos: Hypergraph analogue?
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Erdos: Hypergraph analogue?
e z'(n;t) “ max # edges in (n, el n)—vtx r-graph forbidding Kt(r) ¢
N\ ) b b

r
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Erdos: Hypergraph analogue?

e z'(n;t) “ max # edges in (n, el n)—vtx r-graph forbidding Kt(r) ¢
N\ ) b b

Theorem (Erdés, 1964)
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Erdos: Hypergraph analogue?
e z'(n;t) “ max # edges in (n, el n)—vtx r-graph forbidding Kt(r) ¢
N\ ) b b

r

Theorem (Erdés, 1964)

z'(nt) = Ot(nr_r’%l)

@ Again, lower bound?
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Erdos: Hypergraph analogue?
e z'(n;t) “ max # edges in (n, el n)—vtx r-graph forbidding Kt(r) ¢
N\ ) b b

r

Theorem (Erdés, 1964)

z'(nt) = Ot(nr_r’%l)

@ Again, lower bound?

Theorem (Chen—Liu-Ye, 2025+)

1
Zr(n, 500 gl t]_, ceey tr) = Qt (nr tlA..tr_l) If' tr > lotln.tr_l
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Geometric incidences
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Geometric incidences
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@ point-line incidence graph G is K3 >-free K1 e(G) = 0(n*/?)
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Geometric incidences

2
P1 R
41
P2, 42
<
P3 ES Pse

@ point-line incidence graph G is K3 »-free K1 e(G) = 0(n*?)

Theorem (Szemerédi-Trotter, 1983)

e(G) = 0(n*/3)
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Geometric incidences

@ point-line incidence graph G is K3 >-free K1 e(G) = 0(n*/?)

Theorem (Szemerédi-Trotter, 1983)

e(G) = 0(n*/3)

o This O(n*/3) bound is tight!
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Axis-parallel boxes
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Axis-parallel boxes

R2

&-box {1}-box
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Axis-parallel boxes
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Axis-parallel boxes

R2

@-box {1}-box {2}-box {1,2}-box
or [2]-box
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Axis-parallel boxes

@-box {1}-box {2}-box {1,2}-box

or [2]-box

NO!

R2
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Axis-parallel boxes

@-box {1}-box {2}-box {1,2}-box
or [2]-box

. .
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Box Zarankiewicz: Assume that F = (Fi,...,F) € (2[d])r is an
r-direction-vector. Let B; be an F;-family of boxes in R? with |B;| = n.

Forbidding Kt(yr_.).’t, what is max # edges in their incidence hypergraph H?
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Forbidding Kt(yr_.).’t, what is max # edges in their incidence hypergraph H?

e F-family consists of F-boxes (direction F)
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def . .
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Box Zarankiewicz: Assume that F = (Fi,...,F) € (2[d])r is an
r-direction-vector. Let B; be an F;-family of boxes in R? with |B;| = n.
Forbidding Kt(r)t what is max # edges in their incidence hypergraph H?
e F-family consists of F-boxes (direction F)
e Hisan (n,...,n)-vtx r-partite r-graph

=

def . .
o zf(n;t) = answer to Box Zarankiewicz

Ii(2,{1})
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Box Zarankiewicz: Assume that F = (Fi,...,F) € (2[d])r is an
r-direction-vector. Let B; be an F;-family of boxes in R? with |B;| = n.

Forbidding Kt(r)t what is max # edges in their incidence hypergraph H?

e F-family consists of F-boxes (direction F)

e Hisan (n,...,n)-vtx r-partite r-graph

=

def . .
o zf(n;t) = answer to Box Zarankiewicz

R2

Ii(2,{1}) L({1},{2})
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Box Zarankiewicz: Assume that F = (Fi,...,F) € (2[d])r is an
r-direction-vector. Let B; be an F;-family of boxes in R? with |B;| = n.

Forbidding Kt(r)t what is max # edges in their incidence hypergraph H?

e F-family consists of F-boxes (direction F)

e Hisan (n,...,n)-vtx r-partite r-graph

=

def . .
o zf(n;t) = answer to Box Zarankiewicz

R2

Il(gv{l}) 22({1}3{2}) I3({273}’{371},'{1-2}’)
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Previous work

Theorem (Chan—Har-Peled, 2025)

23710 (n; t) = ©(tn( k) ™)
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Previous work

Theorem (Chan—Har-Peled, 2025)

23710 (n; t) = ©(tn( k) ™)

Theorem (Chan—Keller-Smorodinsky, 2025)

d]®r = ogn -
z([l] (n; t)zed»f(t l(lolglogn)d 1)

e Zarankiewicz z"(n; t) ~ n"~¢ yet Box Z. zc(,Fl""’F’)(n; t) ~ n1
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Known results in small dimensions

Zichao Dong (IBS ECOPRO) Zarankiewicz for axis-parallel boxes May 17, 2026 9/15



Known results in small dimensions

Theorem (Chan—Har-Peled, 2025)

z§®,{1})(n; t) = O(tn) and zg(g’p])(n; t) = @(mlogign)

Zichao Dong (IBS ECOPRO) Zarankiewicz for axis-parallel boxes May 17, 2026 9/15
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Theorem (Chan—Har-Peled, 2025)

Z§Qf,{1})(n; t) = O(tn) and zg(g’p])(n; t) = @(mlog}ign)

Theorem (Chan—Keller-Smorodinsky, 2025)
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Known results in small dimensions

Theorem (Chan—Har-Peled, 2025)

Z§Qf,{1})(n; t) = O(tn) and zg(g’p])(n; t) = @(mlog}ign)

Theorem (Chan—Keller-Smorodinsky, 2025)

25{1},{2})(,7; t) = O(tn) and z§[3]’[3]’[3])(n; t) = @(t”2(|o§|gogn)2)

@ When does the extra logarithm factor happen?
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Box Zarankiewicz via 2-coherence

Definition

F = (Fi,...,F;) in RY is 2-coherent if Ik € [r] s.t.

GE

JElrN\{k}
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Box Zarankiewicz via 2-coherence

Definition

F = (Fi,...,F;) in RY is 2-coherent if Ik € [r] s.t.

GE

JElrN\{k}

@ 2-coherent = all but one direction sets share 2 coordinates
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Box Zarankiewicz via 2-coherence

Definition
F = (Fi,...,F;) in RY is 2-coherent if Ik € [r] s.t.

GE

JElrN\{k}

@ 2-coherent = all but one direction sets share 2 coordinates

Theorem (Chao—D.—Liu—Shu-Wang, 2026+)

- O,(tn"1) if F is non-2-coherent,
zy(nt) =

Q(tnt log’ign) if F is 2-coherent.
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Lower bounds

Theorem (Basit—Chernikov—Starchenko—Tao—Tran, 2021)

22(;5,[2])(”; t) = Q(tn; o'g"ﬁ)g —) via Horton construction

@ key: lifting operations
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Lower bounds

Theorem (Basit—Chernikov—Starchenko—Tao—Tran, 2021)

22(;5,[2])(”; t) = Q(tn; o'g"ﬁ)g —) via Horton construction

@ key: lifting operations

RZ

< - = R!
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Lower bounds

Theorem (Basit—Chernikov—Starchenko—Tao—Tran, 2021)

22(;5,[2])(”; t)=Q(tn log n ) via Horton construction

loglog n
@ key: lifting operations
RZ
—>
- - = R — : : R?
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Upper bounds

s

/
reduction 1
BN
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Upper bounds
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Upper bounds

7

/

reduction 1 > 2-coherence

\
A

\ |§

/
reduction 1
N

Bi and B, completely N
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Upper bounds

/

reduction 1 2-coherence
\
A

/
reduction 1
\

A

/ non-N graph
biclique cover

Bi and B, completely N

P

/ « .

reduction ! > geo. slicing
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Upper bounds

/

reduction 1 2-coherence
\
A

/
reduction 1
\

A

/ non-N graph
biclique cover

Bi and B, completely N

;

/ ..

reduction ! > geo. slicing

\
BN
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Geometric slicing

o)
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Geometric slicing

X

Zichao Dong (IBS ECOPRO) Zarankiewicz for axis-parallel boxes May 17, 2026 14 / 15



Open problems

Zichao Dong (IBS ECOPRO) Zarankiewicz for axis-parallel boxes May 17, 2026 15 / 15



Open problems

Q: Can you find sharp asymptotics for zf(n; t)?
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Open problems
Q: Can you find sharp asymptotics for zf(n; t)? seems HARD

e Can you asymp. determine zﬁ{l’Q}’{3’4})(n; t)?

Zichao Dong (IBS ECOPRO) Zarankiewicz for axis-parallel boxes May 17, 2026 15 / 15



Open problems

Q: Can you find sharp asymptotics for zf(n; t)? seems HARD

@ Can you asymp. determine z£{1’2}’{3’4})(n; t)? we know

ogn 1,2},{3, ogn
Q(tn(lolgﬁygn)l) < Z‘E{ 2 4})(,7; t) < O(tn(lolgﬁ)gn)3)
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Open problems

Q: Can you find sharp asymptotics for zf(n; t)? seems HARD

@ Can you asymp. determine z£{1’2}’{3’4})(n; t)? we know

ogn 1,2},{3, ogn
Q(tn(lolgﬁygn)l) < Zl(l{ 2 4})(,7; t) < O(tn(lolgﬁ)gn)3)

Thanks!
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