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Geometric Ramsey

ram(A, B, ...): biggest size of “universe”, s.t.

every of A, B, ... is avoided

In particular,

ramg(n) = ram(n-gon): max number of points without n-gon

@ Klein's question again: ramg(n) < co?
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Erdés—Szekeres solution

convex 7-gon
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ramc(k, £): number of points for k-cup or ¢-cap
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Erdés—Szekeres solution

ramc(k, £): number of points for k-cup or ¢-cap

Theorem (Erd8s—Szekeres, 1935)

ramc(k, ¢) = (k:f?‘) = ramg(n) < 4n—o(n)
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Conjecture (Erd6s—Szekeres, 1935)

ramg(n) = 2772
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Conjecture (Erd6s—Szekeres, 1935)

ramg(n) = 2772

Begin with a convex curve
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Conjecture (Erd6s—Szekeres, 1935)

ramg(n) = 2772

Put n — 1 point clusters as 272 = ("62) + 4+ (223)
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Conjecture (Erd6s—Szekeres, 1935)

P; is “flat”, avoiding (i + 1)-cup and (n — i + 1)-cap
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Theorem (Erd8s—Szekeres, 1935)

ramg(n) < 470"

Conjecture (Erds—Szekeres, 1935)

ramg(n) = 22
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Theorem (Erd8s—Szekeres, 1935)

ramg(n) < 470"

Conjecture (Erds—Szekeres, 1935)

ramg(n) = 22

@ No exponential improvement to the 4" upper bound for 80 years ...

Theorem (Suk, 2017)

ramg(n) < 270U/ logn)

Theorem (Holmsen—Mojarrad—Pach—Tardos, 2020)

ramg(n) < 2n+0(v/nlog n)
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Q: Erdés—Szekeres construction + point = n-gon?

@ To our surprise, nothing found in literature!

Uis {A,B,...}-saturated: “universe” U avoids A, B, ..., but adding
anything into U creates one of A, B, ...
P is n-gon-saturated: P avoids n-gon, but adding any

point into P creates an n-gon

@ Question again: |s Erd6s—Szekeres construction n-gon-saturated?
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Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

Erd6s—Szekeres construction is n-gon-saturated!
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Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

Erd6s—Szekeres construction is n-gon-saturated!

The simplest case

ESforn=5
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Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

Erd6s—Szekeres construction is n-gon-saturated!

The simplest case

. e
new point
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Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

Erd6s—Szekeres construction is n-gon-saturated!

The simplest case

2-cup
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Theorem (Damasdi—D.—Scheucher-Zeng, 2024)

Erd6s—Szekeres construction is n-gon-saturated!
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Saturation

sat(A, B, ...): smallest size of “universe” U, s.t.

Uis {A,B,...}-saturated
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Saturation

sat(A, B, ...): smallest size of “universe” U, s.t.
Uis {A,B,...}-saturated

satg(n) = sat(n-gon): min number of points being n-gon-saturated

Observation

sat(A, B,...) <ram(A,B,...)

o [HMPT, 2020] = satg(n) < ramg(n) < 2n+O(vnlogn),

o [DDSZ, 2024] = satg(n) < 2™2 < ramg(n).
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Monotone subsequence
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Monotone subsequence

rams(k, ¢) = ram(k- 7, £-\): max length of real seq containing no

k-increasing and /-decreasing subseq
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Monotone subsequence

rams(k, ¢) = ram(k- 7, £-\): max length of real seq containing no
k-increasing and /-decreasing subseq
sats(k, £) = sat(k- 7, £-\,): min length of real seq that is

(k- 7, €-\)-subseq-saturated
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Monotone subsequence

rams(k, ¢) = ram(k- 7, £-\): max length of real seq containing no
k-increasing and /-decreasing subseq
sats(k, £) = sat(k- 7, £-\,): min length of real seq that is
(k- 7, €-\)-subseq-saturated

Theorem (Erd&s—Szekeres, 1935)
rams(k,f) = (k —1)(¢ —1)
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Monotone subsequence

rams(k, ¢) = ram(k- 7, £-\): max length of real seq containing no
k-increasing and /-decreasing subseq
sats(k, £) = sat(k- 7, £-\,): min length of real seq that is
(k- 7, €-\)-subseq-saturated

Theorem (Erd&s—Szekeres, 1935)
rams(k,f) = (k —1)(¢ —1)

Theorem (Damasdi—Keszegh—Malec—Tompkins—\WWang—Zamora, 2021)
satg(k,l) = (k—1)(¢ —1)
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Cup and cap

rame, satc(k, ¢) = ram, sat(k-cup, ¢-cap)

Theorem (Erdés—Szekeres, 1935)

rame(k, £) = (kﬁ?)
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Cup and cap

rame, satc(k, ¢) = ram, sat(k-cup, ¢-cap)

Theorem (Erdés—Szekeres, 1935)

rame(k, £) = (kﬁ?)

Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

2k + 20— 14 < sate(k, €) < (455 —2(442°) — 2(152°)

Zichao Dong (IBS ECOPRO) Saturation around the Zapny Ending May 30, 2024 12 /18



Cup and cap

rame, satc(k, ¢) = ram, sat(k-cup, ¢-cap)

Theorem (Erdés—Szekeres, 1935)

rame(k, £) = (kﬁ?)

Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

2k + 20— 14 < sate(k, €) < (455 —2(442°) — 2(152°)

@ (4,5)-cup-cap-saturated 8-point set:
(—60,40) (—40,20) (—20,16) (0,10)

(5,—50) (15,—40) (25,—40) (125, —230)
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Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

satg(n) < £-2"72 < L ramg(n)
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Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

satg(n) < £-2"72 < L ramg(n)

Begin with a convex curve
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Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

satg(n) < £-2"72 < L ramg(n)

n—2

Put n— 1 point clusters as 2"72 = (";%) + - + ("-2)

n—2
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Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

satg(n) < £-2"72 < L ramg(n)

P; is “flat” and (i + 1, n — i + 1)-cup-cap-free
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Theorem (Damasdi—D.-Scheucher—Zeng, 2024)

satg(n) < £-2"72 < L ramg(n)

P!is “flat” and (i + 1, n — i 4+ 1)-cup-cap-sat.

Zichao Dong (IBS ECOPRO) Saturation around the Zapny Ending May 30, 2024 13 /18



From geometry to graph:  and

Zichao Dong (IBS ECOPRO) Saturation around the Zapny Ending May 30, 2024 14 / 18



From geometry to graph:  and

[ J [ ] [ ] [ ] [ J
P3 Vi < V2o < V3 < W
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From geometry to graph:  and
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From geometry to graph:  and
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EF - A
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From geometry to graph:  and

EF - A

Vi< v <3

k-increasing subseq — (k — 1)-edge red path
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From geometry to graph:  and

EF - A

Vi< v <3

k-increasing subseq — (k — 1)-edge red path

{-decreasing subseq — (¢ — 1)-edge blue path
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From geometry to graph:  and

EF - A

Vi< v <3

k-increasing subseq — (k — 1)-edge red path

{-decreasing subseq — (¢ — 1)-edge blue path

@ In the right, any coloring induced from the left is “transitive”
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From geometry to graph: cup and cap
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From geometry to graph: cup and cap

R v "e

P3 Vi < V2 < V3 < W
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From geometry to graph: cup and cap

p2

3-cup PN ° ° . .

P3 Vi < V2 < V3 < W

Zichao Dong (IBS ECOPRO) Saturation around the Zapny Ending May 30, 2024 15 / 18



From geometry to graph: cup and cap
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From geometry to graph: cup and cap

p2
¢ P4
o
—
[ ]
p1 o
P3 Vi < V2 < V3 < Vg
k-cup — (k — 2)-edge red path
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From geometry to graph: cup and cap

p2
¢ P4
[ ]
—
[ ]
p1 o
P3 Vi < V2 < V3 < Vg
k-cup — (k — 2)-edge red path
{-cap —

(¢ — 2)-edge blue path
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From geometry to graph: cup and cap

p2
* P4
[ ]
—
[ ]
p1 o
P3 Vi < V2 < V3 < Vg
k-cup — (k — 2)-edge red path
{-cap —

(¢ — 2)-edge blue path

@ Monotone path = tight path on increasing vertices
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Monotone path problems
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Monotone path problems

@ Work on an n-vertex r-uniform hypergraph H whose

e vertices v; < --- < v, are ordered

e edges are bicolored in red and blue
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Monotone path problems

@ Work on an n-vertex r-uniform hypergraph H whose

e vertices v; < --- < v, are ordered

e edges are bicolored in red and blue

@ Ramsey problem: Determine ramg,r)(k,ﬁ) , e

o find biggest n possibly avoiding both k-path and /-path
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Monotone path problems

@ Work on an n-vertex r-uniform hypergraph H whose

e vertices v; < --- < v, are ordered

e edges are bicolored in red and blue

@ Ramsey problem: Determine ramg,r)(k,ﬁ) , e

o find biggest n possibly avoiding both k-path and /-path

@ Saturation problem: Determine sat,()r)(k,é) , i.e.

o find smallest n admitting (k, ¢)-path-saturated coloring
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Monotone path results
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Monotone path results

o twry(x) = x, twrg(x) = 2-1(%) tower function
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Monotone path results

o twry(x) = x, twrg(x) = 2-1(%) tower function

o P.(k,?) number of some kind of integer partitions
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Monotone path results

o twry(x) = x, twrg(x) = 2-1(%) tower function
@ P.(k,¢) number of some kind of integer partitions

o P.(k,0) begins with P1(k,€) = ke, Py(k,0) = (¥}
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Monotone path results

o twry(x) = x, twrg(x) = 2-1(%) tower function
@ P.(k,¢) number of some kind of integer partitions

o P.(k,0) begins with P1(k,€) = ke, Py(k,0) = (¥}

Theorem (Moshkovitz—Shapira, 2013)

ram,(,r)(n, n) = Py(n, n) = twr,_; ((2 - o(l))n)
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Monotone path results

o twry(x) = x, twrg(x) = 2-1(%) tower function
@ P.(k,¢) number of some kind of integer partitions

o P.(k,0) begins with P1(k,€) = ke, Py(k,0) = (¥}

Theorem (Moshkovitz—Shapira, 2013)
ram,(,r)(n, n) = P.(n,n) = twr,_; ((2 — o(l))n)

Theorem (Damasdi—D.—Scheucher-Zeng, 2024)

st (k, 0) = ram{" (k, ) = P, (k, 0)
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Open problems

@ What is the correct order of magnitude of satc(k,¢)?
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Open problems

@ What is the correct order of magnitude of satc(k,¢)?

o In particular, should satc(k, ¢) be at least quadratic in k, £7?
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Open problems

@ What is the correct order of magnitude of satc(k,¢)?
o In particular, should satc(k, ¢) be at least quadratic in k, £7?

e What is the correct order of magnitude of satg(n)?
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Open problems

@ What is the correct order of magnitude of satc(k,¢)?
o In particular, should satc(k, ¢) be at least quadratic in k, £7?
e What is the correct order of magnitude of satg(n)?

o In particular, should satg(n) be at least superlinear in n?
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Open problems

@ What is the correct order of magnitude of satc(k,¢)?
o In particular, should satc(k, ¢) be at least quadratic in k, £7?
e What is the correct order of magnitude of satg(n)?

o In particular, should satg(n) be at least superlinear in n?

e Prove (or disprove) Erdés—Szekeres conjecture!
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Open problems

@ What is the correct order of magnitude of satc(k,¢)?
o In particular, should satc(k, ¢) be at least quadratic in k, £7?
e What is the correct order of magnitude of satg(n)?

o In particular, should satg(n) be at least superlinear in n?

e Prove (or disprove) Erdés—Szekeres conjecture!

Thanks!
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