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Q: Many points in the plane =⇒ convex n-gon?
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Q: Many points in the plane =⇒ convex n-gon?

“in general position”

convex 7-gon
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Why H¡�°�°�¹� En¤�in§�?

Eszter Klein asked this polygon question

Pál Erdős and Gyorgy Szekeres answered the question

Mrs. Szekeres (Klein) and Mr. Szekeres fell in love and got married
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Why H¡�°�°�¹� En¤�in§�?

Eszter Klein asked this polygon question

Pál Erdős and Gyorgy Szekeres answered the question

Mrs. Szekeres (Klein) and Mr. Szekeres fell in love and got married

Klein Szekeres Erdős
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Geometric Ramsey

ram(A,B, . . . ) : biggest size of “universe”, s.t.

every of A,B, . . . is avoided

In particular,

ramg(n) = ram(n-gon) : max number of points without n-gon

Klein’s question again: ramg(n) <∞?
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Erdős–Szekeres solution
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Erdős–Szekeres solution

4-cup
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Erdős–Szekeres solution

5-cap
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Erdős–Szekeres solution

4-cup

5-cap

ramc(k , `) : number of points for k-cup or `-cap
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Erdős–Szekeres solution

4-cup

5-cap

ramc(k , `) : number of points for k-cup or `-cap

Theorem (Erdős–Szekeres, 1935)

ramc(k , `) =
(k+`−4

k−2

)
=⇒ ramg(n) ≤ 4n−o(n)
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Conjecture (Erdős–Szekeres, 1935)

ramg(n) = 2n−2

P1
P2

· · ·

Pn−2

Pn−1

Begin with a convex curvePut n − 1 point clusters as 2n−2 =
(n−2

0

)
+ · · ·+

(n−2
n−2

)
Pi is “flat”, avoiding (i + 1)-cup and (n − i + 1)-cap
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Theorem (Erdős–Szekeres, 1935)

ramg(n) ≤ 4n−o(n)

Conjecture (Erdős–Szekeres, 1935)

ramg(n) = 2n−2

No exponential improvement to the 4n upper bound for 80 years ...

Theorem (Suk, 2017)

ramg(n) ≤ 2n+O(n2/3 log n)

Theorem (Holmsen–Mojarrad–Pach–Tardos, 2020)

ramg(n) ≤ 2n+O(
√
n log n)
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Q: Erdős–Szekeres construction + point =⇒ n-gon?

To our surprise, nothing found in literature!

U is {A,B, . . . }-saturated : “universe” U avoids A,B, . . . , but adding

anything into U creates one of A,B, . . .

P is n-gon-saturated : P avoids n-gon, but adding any

point into P creates an n-gon

Question again: Is Erdős–Szekeres construction n-gon-saturated?
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Theorem (Damásdi–D.–Scheucher–Zeng, 2024)

Erdős–Szekeres construction is n-gon-saturated!

The simplest case

2-cup

2-cap

3-cup

3-cap
5-gon

ES for n = 5

new point
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Saturation

sat(A,B, . . . ) : smallest size of “universe” U, s.t.

U is {A,B, . . . }-saturated

satg(n) = sat(n-gon) : min number of points being n-gon-saturated

Observation
sat(A,B, . . . ) ≤ ram(A,B, . . . )

[HMPT, 2020] =⇒ satg(n) ≤ ramg(n) ≤ 2n+O(
√
n log n).

[DDSZ, 2024] =⇒ satg(n) ≤ 2n−2 ≤ ramg(n).
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Monotone subsequence

rams(k , `) = ram(k-↗, `-↘) : max length of real seq containing no

k-increasing and `-decreasing subseq

sats(k , `) = sat(k-↗, `-↘) : min length of real seq that is

(k-↗, `-↘)-subseq-saturated

Theorem (Erdős–Szekeres, 1935)

rams(k , `) = (k − 1)(`− 1)

Theorem (Damásdi–Keszegh–Malec–Tompkins–Wang–Zamora, 2021)

sats(k , `) = (k − 1)(`− 1)
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Cup and cap

ramc, satc(k , `) = ram, sat(k-cup, `-cap)

Theorem (Erdős–Szekeres, 1935)

ramc(k , `) =
(k+`−4

k−2

)
Theorem (Damásdi–D.–Scheucher–Zeng, 2024)

2k + 2`− 14 ≤ satc(k, `) ≤
(k+`−4

k−2

)
− 2

(k+`−9
k−4

)
− 2

(k+`−9
`−4

)
(4, 5)-cup-cap-saturated 8-point set:

(−60, 40) (−40, 20) (−20, 16) (0, 10)

(5,−50) (15,−40) (25,−40) (125,−230)
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Theorem (Damásdi–D.–Scheucher–Zeng, 2024)

satg(n) ≤ 7
8 · 2

n−2 ≤ 7
8 · ramg(n)

P1
P2

· · ·

Pn−2

Pn−1

P ′1
P ′2

· · ·

P ′n−2

P ′n−1

Begin with a convex curvePi is “flat” and (i + 1, n − i + 1)-cup-cap-freeP ′i is “flat” and (i + 1, n − i + 1)-cup-cap-sat.
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Begin with a convex curve

Put n − 1 point clusters as 2n−2 =
(n−2

0

)
+ · · ·+

(n−2
n−2

)
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Open problems

What is the correct order of magnitude of satc(k, `)?

In particular, should satc(k, `) be at least quadratic in k, `?

What is the correct order of magnitude of satg(n)?

In particular, should satg(n) be at least superlinear in n?

Prove (or disprove) Erdős–Szekeres conjecture!

Zichao Dong (IBS ECOPRO) Saturation around the H¡�°�°�¹� En¤�in§� June 11, 2024 14 / 14



Open problems

What is the correct order of magnitude of satc(k, `)?

In particular, should satc(k , `) be at least quadratic in k, `?

What is the correct order of magnitude of satg(n)?

In particular, should satg(n) be at least superlinear in n?

Prove (or disprove) Erdős–Szekeres conjecture!

Zichao Dong (IBS ECOPRO) Saturation around the H¡�°�°�¹� En¤�in§� June 11, 2024 14 / 14



Open problems

What is the correct order of magnitude of satc(k, `)?

In particular, should satc(k , `) be at least quadratic in k, `?

What is the correct order of magnitude of satg(n)?

In particular, should satg(n) be at least superlinear in n?

Prove (or disprove) Erdős–Szekeres conjecture!

Zichao Dong (IBS ECOPRO) Saturation around the H¡�°�°�¹� En¤�in§� June 11, 2024 14 / 14



Open problems

What is the correct order of magnitude of satc(k, `)?

In particular, should satc(k , `) be at least quadratic in k, `?

What is the correct order of magnitude of satg(n)?

In particular, should satg(n) be at least superlinear in n?

Prove (or disprove) Erdős–Szekeres conjecture!

Zichao Dong (IBS ECOPRO) Saturation around the H¡�°�°�¹� En¤�in§� June 11, 2024 14 / 14



Open problems

What is the correct order of magnitude of satc(k, `)?

In particular, should satc(k , `) be at least quadratic in k, `?

What is the correct order of magnitude of satg(n)?

In particular, should satg(n) be at least superlinear in n?

Prove (or disprove) Erdős–Szekeres conjecture!

Zichao Dong (IBS ECOPRO) Saturation around the H¡�°�°�¹� En¤�in§� June 11, 2024 14 / 14



Open problems

What is the correct order of magnitude of satc(k, `)?

In particular, should satc(k , `) be at least quadratic in k, `?

What is the correct order of magnitude of satg(n)?

In particular, should satg(n) be at least superlinear in n?

Prove (or disprove) Erdős–Szekeres conjecture!

Thank³!
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